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τ := sup{cch(G) : G fg]LqNz{h0ehj }.
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tq − 2q + 1 = 2qn + 1
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f{]xh z|fg]m_ªh0]o]af|#eNOPe!_]adbK _oKh_¨c0jxhe,\ ¢0Pj`_oP¦
v ∈ V  L(v) ⊆
{0, . . . , p − 1} her |L(v)| ≥ max{1, f(v)q}  ¡Nc#j
h0e!\ joPh0z>e,dNO­;Pj t ≥ 1  G fg] f $ (p, q) $
%673	0
f|ﬂf|_~fg]
(p, q) © L ©
bc#z|c#dNjhNz{PW¨c0jhe,\













f © (p, q) ©
bKNc,c#]ohNz{Pﬂ¨c#jﬂhe,\
p, q



























(v1, v2, . . . , vn =
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",\ #§POQOh #3c0eNP
bhe P¦,_aPer_aKNPxbc#z|c#dNjof|eN
_oc
















p ≥ 2q &%  |L(x)| ≥ q '/.
















(2d − 2) © (p, q) © z|fg]`_Wh0]o]af|#eNOPe!_ L ]adbKª_oKh_W_aKNPh
f{]~eNc0_ (p, q) © L © bc#z|c#dNjhNz{P0n¤ f|_aKc0d^_z|c!]a]
c0#PeNPjoh0z|f|_m\0,POh\5h#]a]adNOPW_aKh_
L(w) = {0}, |L(v)| = 4q her |L(u)| = |L(t)| = 2q 
 'Ł ﬃ 	 1
0 /∈ L(t) ∪ L(u)
Z^dNqNq;c#]aPeNc0_ @\]a\,OOQP_ajo\0POh\h0]o]`dOQPk_aKh_
0 ∈ L(t) JLKPe§_oKNPjoPP¦^f{]`_o] ku ∈ L(u)\[0]q
h0er
kv ∈ L(v) \ ([0]q ∪ [ku]q)  %>PebP0 c(t) = 0, c(u) = ku, c(v) = kv, c(w) = 0 f{]Wh (p, q) © L ©
bc0z{c0dNjof{eNSc0G_oKNPhNhbc0e!_ojoh#r^f{b_af{c0e§3JLKNfg]LqNjoc¢0P%]URzghf{OY#
 'Ł ﬃ 	 "
(L(t) ∪ L(u)) ∩ [0]q 6= ∅ :
Z^dNqNq;c#]aP>¨c#jhQbc#e#_ojoh#r^fgb«_af{c0e_oKh_






L(v) \ [0]q kjoP]aqP%b«_af{¢0Pz|\# @\ ]a\!OOP_oja\#ﬂPOh\¬h#]a]adNOPB_oKh_
kt ≤ ku    kt ≤ kv k_aKNPe |L(v) \ ([0]q ∪ [kt]q)| ≥ q + 1 h0er |L(u) \ [kt]q | ≥ q  Z,ck,\
#GPOOhN,_oKNPbc#z|c#dNjof|eN
c(t) = kt, c(w) = 0
Oh\;PP¦,_aPer^Pr
_oc5h








,_aKNPe |L(t) \ [kv ]q | ≥ q + 1 her |L(u) \ [kv ]q | ≥ q + 1 3Z^c,,\
#GPOOh5%N#_aKNPbc#z|c#dNjaf{eN
c(v) = kv, c(w) = 0
Oh\Q;PWP¦,_aPer^Pr5_ach




(L(t)∪L(u))∩ [0, q− 1] 6= ∅ A#GP_ kt ;Pn_aKP>Of|ef|OSdNO
f{e!_aP0PjLf{e_aKNfg]n]aP_3¤ f|_aKc0d^_nz{c#]o]Lc0PePjhz{f_m\#^POh\Bh0]o]adNOP>_oKh_
kt ∈ L(t) 
 'Ł ﬃ 	   |L(u) ∩ [kt]q | ≥ q + 1 :
Z^f|ebP |L(v)\ ([0]q ∪ [kt]q)| ≥ q +2 !f_¨c0z{z|cn]3_aKh_ |L(u)\ [kt]q | < q F#c0_aKNPjaUfg]`P#0,\"#§POQOh%N
_oKNPªbc#z|c#dNjaf{eN
c(t) = kt, c(w) = 0
Oh\ ;PªP¦,_oPer^P%r¬_oc h
(p, q) © L ©
bc0z{c0dNjof|e°c~_aKNP ;hh




ku ≥ lu + q ;c_oKf|e L(u) ∩ [kt]q  @\¯OQf{eNf{Ohz{f_m\¯c kt  lu ∈
[kt − q + 1, 0] ∩ L(u) 
*
ehz{c0#c0d]az|\W_ocRzghf{O N |L(t)∩ [lu]q | ≥ q+1 %>PebP0_oKNPjoPLP¦^f{]`_o] lt ∈ L(t)∩ [lu−q+1, lu] 

 c
J = [lt]q ∪ [ku]q ∪ [0]q ⊂ [lt − q + 1, ku + q − 1]  @d^_ lt ≥ lu − q + 1 h0er ku − lu ≥ q 
]ac |J | < 4q   _¨c#z|z{cn]_oKh__oKNPjoP5P¦,fg]`_o] lv ∈ L(v) \ J ªJLKNPe c(t) = lt, c(u) = ku, c(v) =
lv, c(w) = 0
f{]Uh














%'' 0% 0 . (.93
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














n ≥ 4 ﬂ_oKNPe§,\ #§POOh J G fg]Qbf|jbdz{h0jaz{\


















uv ∈ E(G) 
vw ∈ E(G) her uw /∈ E(G) ¥Z^f|ebP G fg]eNc0_Qbc0OqNz{P_aP#_aKNPjaP












































































































j ≥ 0 ]adbK_oKh_ vuj fg]heBP%r^0P# @\joc_h_af{c0e5h0jac#dNer C ,P~Oh\
h#]a]adNOPW_aKh_













1 ≤ i ≤ l "_oKNPe _aKNP0jhqNK





















 ¶  ¶   ÄŁ^ ³ "
; 0
G













(2d− 2) $ %673	04:
  ¶§¶o  
G



































































qk = k + 1





















j ∈ {1, 2, . . . , k} 3JLKNPe§ T ′ = T − {u1, . . . , ui} fg]Uh­_ojaPP0
#GP_





qk(T ) = max{k, q′k(T ′)}
 #GP_














v ∈ V (T ′)  L′(v) ≥
max{(2dT ′(v)− 2)q, k′} her ; f{f > T ′ f{]Lec_ (p, q) © L′ © bc0z{c0djoh0Nz|P#
¡c0jhe,\
j ∈ {1, 2, . . . , i} .z{P_ Ij ;PQh]`P_Wc0 k bc0e]`P%bd^_of|¢#P­f{e#_oP#Pj]~]adbK)_oKh_W_aKP]aP_] Jj
c0













































































(2d− 2) © bKNc,c!]ah0Nz|P
c#jLeNc_%3¤¯Pbc0elmP%b«_adjaPW_aKP¨c0z{z|cUf{eNC
 ¶  ²  G ² "" 1
%'1' 0% 0 .I(.93 ,
	5&	+ﬀ









(2d− 2) © bKNc,c#]ohNz{P0
	~P]aqNf|_aPeNc0_bc0OqNz{P_oPz{\°bKhjh0b_aPjafg]`f{eN_oKNP5bf{jbdNzghjoz|\
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V)c0Kh0j­ 3h0]a®0Pr¨c#j>_oKNPQ¢h0z|dP­c
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p ≥ q 
8






%%(.'/"0' &%  ∀v ∈
V, L(v) ⊆ {0, . . . , p− 1}
8












%' 0 0&- 0'/. 0 .   

















4q−1−2(2q−1) = 1 bKNc#f{bP_acbc#z|c#dNj_aKNPUzgh0]`_3¢0Pja_aP¦Z,dNqqc!]`P
ec _aKh__oKNP~joP]adNz|_fg]_ajodNP~¨c0jP¢0Pja\QeNP%hj_ajof{h0eN0dNzgh_of|c#e5Uf|_aK
h_Oc!]m_

















































L(uk) \ [c(u1)]q ]`dbK)_aKh_ [a]q ∩ [b]q = ∅ QZ^dbK¯bc0z{c0dNj]>P¦^f{]`_]af{ebP
|L(uk)| ≥ 4q − 1 ≥ 2q + 2q − 1 Q¤¥Pbc0e]afgr^PjW_aKPQ#joh0qNK G′ c0^_hf{eNPr°¨jac#O G ,\)joPOc¢,f{eN
_oKNPx¢0Pj`_oP¦
uk
  _f{]h¯eNPh0jS_ojafghe0dNzgh_of|c#e¬Uf_oK c#d^_aPjQb\^bz{P











v /∈ {v1, v2, . . . , vd} her L′(v) =
L(v) \ ([a]q ∪ [b]q) c_oKNPjoUf{]aP0¤¥PbheB_aKNPe
d]aP~_aKNPf{er^db_af{c0eBK,\,q;c_aKP]af{]c0e G′ her L′ ; ]`f{ebP
∀i, |L′(vi)| ≥ 8q− 3− 2(2q− 1) = 4q− 1 >  



















t = 6− 1n

n ≥ 2  #§P_ p h0er q P_mc5f{e!_aP#Pj]UUf|_aK q = 3n her p O­dbKªzghjo0Pj
_oKhe





















[r − q + 1, r + tq + q − 1] ∩ [s − q + 1, s + tq + q − 1] = ∅  
 c
¨c#jUPh#bK




















i ∈ {0, 1, . . . , m}  L(xi) = [a]q ∪ [b]q ∪ Ii ∪ Ji UKNPjoP
Ji = [ci, ci + 2q − 2− i]
Ii = [ci−1 + q − i, ci−1 + q − 1] = [ci−1]q ∩ [ci−1 + 2q − 1− i]q
;
eNc_oP_aKh_












0 ≤ i ≤ m − 1 > 5JLKNPjoP¨c#jaP#Ph0bK¯z|fg]`_Kh0]]afP |L(xi)| =
2(2q − 1) + i + (2q − 1− i) = 6q − 3 = 18n− 3 = tq 
#GP_Sd]_ajo\)_oc




















































i ∈ {1, . . . , m}  %ncP¢#Pj% Jm = ∅ h0er
KNPebP_aKNP#joh0qNKBfg]LeNc0_ (p, q) © L © bc0z{c0djoh0Nz|P# 













k ≥ 3 ^Pr^P ﬃeNP





6 ≤ τ(3) ≤ 8   e_aKNfg]­]aPb_af{c0e¬h0er¥_aKNPBeNP¦,_"P5Uf{z|zP]`_ohz|fg]`K_oKNP¨c#z|z{cUf|e
;c0derN]C
 τ(k) ≥ 2 + 4k−2
¨c0jnhe,\
k ≥ 3 F
 τ(4) ≤ 6 F τ(5) ≤ 4 + 12
F
τ(6) ≤ 4 F τ(8) ≤ 3 + 13
F
τ(9) ≤ 3 FNher
 τ(4l + 2) ≤ 2 + 2l
¨c0jnh0e,\









  ¶(%k¶ ﬃÄﬃ ¶ #" 
I'1ﬀ
k ≥ 3 'ﬀ. n ≥ 2  600=0&-,&9  3 	5'  ( 36 Gk,n 76 (.&  k 8 
cch(Gk,n) ≥ 2 + 4k−2 − 1n
:
  ¶§¶o.¤¯PQOh\xh#]a]adNOP
k ≥ 4 rNdNP­_oc
ikjac#qc!]`f|_af{c0e¯}.JN #§P_ t = 2 + 4k−2 − 1n












































































































L(u) = [r, r + tq − 1] _oc u h0er
































¤¥P r^P ﬃeP¯_oKNP¯¨c0z{z|cUf{eN z|fg]m_ªh0]o]af|#eNOPe!_C ¡Nc0jxhe,\
0 ≤ i ≤ m h0er 1 ≤ j ≤ l − 1 































w ∈ {u, v}, 0 ≤ i ≤ m h0er 0 ≤ j ≤ l − 1 ;h0jaP­bKc#]aPe)]ad
E5bf{Pe!_az{\
Äh0jh0qhja_ﬂ¨joc0O Ph#bKc_aKPj% 
 c#P%h0bKc_oKNP]aP>z{fg]m_]kKh#]]af P |L(uji )| = |L(vji )| = (j(tq− 2q)+
1) + (2q − 1− (j − 1)(tq − 2q)) = tq 3¤¥PKh¢0PW\0P_L_ach0]o]`f{0e
z|fg]`_o]_acQ_oKNP¢0Pja_afgbP%] xi ﬂ¡c0jnhe,\






Ji = [ci, ci + tq − 2(2q − (l − 1)(tq − 2q)− 1)− 1− i(2(l− 1)(tq − 2q) + 2)]
= [ci, ci + (2l − 1)(tq − 2q)− 2q + 1− i(2(l− 1)(tq − 2q) + 2)] h0er
Ii = [ci−1 + (2l− 1)(tq − 2q)− 3q + 2− (i− 1)(2(l− 1)(tq − 2q) + 2), ci−1 + q − 1]










 ]3JLKNP%]`PWz|fg]`_o]LKh¢#P~]afP |L(xi)| = 2((l− 1)(tq− 2q) + 1) + ((2l− 1)(tq− 2q)−
2q + 2− i(2(l− 1)(tq− 2q) + 2)) + (q− (2l− 1)(tq− 2q) + 3q− 2 + i(2(l− 1)(tq− 2q) + 2)−
(2(l − 1)(tq − 2q) + 2)) = tq 
#GP_>d]U_ajo\5_ac








































i ∈ {1, 2, . . . , m}  %>cP¢0Pj
Jm = ∅ herBKNPebP_oKNP0jhqKBfg]UeNc_ (p, q) © L © bc0z{c0dNjhNz{P0
¡c0jQ_aKNPªbh0]aP








































Mad(G) < k + 1
 60'






Mad(G) < 2 + 23n−1
 60'







k ≥ 2 'ﬀ. Mad(G) < k + 1 + k+1−r2k+3−r 8








k ≥ 2 'ﬀ. Mad(G) < k + 1 + k+1k+1+s 8








Mad(G) < k + 1
_aKNPe
δ∗(G) ≤ k herP5h0qNqNz{\
#GPOOh¥w^JLKP
c0_aKNPj­_mc¯qhja_o]SUf|z{z¨c0z{z|c ¨joc0O ]`_ajodb«_odNjoh0zqjac#qPj`_of|P%]­c0>0jhqNK]_aKh_hjoP









cch(H) ≤ t ¨c#jUP¢0Pja\BqNjac#qPjU]`dN0jhqNK H c0 G 
0² 	 	¬Ł "&
; 0
k







































(p, q) © L ©
bc0z{c0djaP%r ]`f{ebP#>,\ _aKNP r^P ﬃeNf|_af{c0eDc
G

cch(H) ≤ 2k + α  #GP_










(p, q) © L ©
bc#z|c#dNj
G− v ﬂJcQh0qNqNz{\ #§POQOh
 ; f > ^Pbh0e




tq − k(2q − 1) = αq + εq + k ≥ 1 
JLKf{]L\,f{PzgrN]nh




























/ .0 (0%0: 	0%3& 
8
































































































0² 	 	¬Ł  1
; 0
k ≥ 2 %0:' ' 0D()0 -'ﬀ. G  (2k + α) $ &D9%	 (936
8
 
α ≥ 0 :  0' 
(i)
0 ' 0(36%
% <6  0& 09-=<6@. 0 (.0%0
k+1



















30&ﬁ9%0"<6 . 0 (.0%0




s ∈ {1, 2}   6 α ≥ 4s+2



























(p, q) © L ©
bc0z{c0dNjoPr§ #GP_


















































2q − 1 bc#z|c#dNjo]Lh0jaPW¨c0joNfgrNr^Pe
,\BP%h0bK
c"f_] k + 1− dH(u) qNjoP¢,f{c0d]az{\5bc0z{c0djaP%r
































k ≥ 2 #_aKNPjaP~f{]h¢#Pja_aP¦ u ec_f{e H h#rl`h0bPe!_ﬂ_oc z 3T~]aPjo¢0Pn_aKh_!f
Pnbc0e]afgr^Pj_aKPn]`dN0jhqNK
H ′
f{er^dbPrQ,\ {u, x, y, z} %_aKNPec0dNj"#c#hz^fg]_ac (p, q) © L′ © bc0z{c0dj
f_%3Uf_oK




a ∈ {x, y, z} G_aKNP
z|fg]m_ L′(a) Kh0]­]af P5h_Sz|P%h0]`_ 4q f au fg]­h0e Pr^#P0"her
h_>z{Ph#]m_
2q


















































¢hz{fgr hqqNz|fgbh_af{c0e c0<#§POQOh 0¬Rc0e]af{rNPjSh0e,\
(p, q) © L ©
bc0z{c0dNjof|e
c
G − {v1, . . . , vr+1, v}  ~]`f{eN #§POOh¬#"_aKNPe,dNO­;PjQcnP¦,_aPerNhNz{P
bc0z{c0dNj]¨c#j vi 
¨c0jhe,\













tq − (k −
r)(2q− 1)− (r + 1)(2q− (αq + k + εq)) = 2(α− 1)q + 2(k + εq) + r(αq − 1 + k + εq) =
(α(r + 2) − 2)q + 2(k + εq) + r(k + εq − 1) ≥
(
2
r+2 (r + 2)− 2
)
q + 1 ≥ 1 >]af|ebP
r ≥ min {0, s−22 } h0er k ≥ 1 Nhbc#e#_ojoh#r^fgb«_af{c0e














(p, q) © L ©
bc0z{c0dNjof|eBc
G − {v1, . . . , vs+1, v} "@\ ; f{f > §_oKNP¢0Pj`_of{bP]








i ∈ {1, 2, . . . , s + 1} f{]
h_5z{Ph0]`_ tq −




tq − (k + 1 − s)(2q − 1) − (s + 1)(2q − (αq + k + εq)) =





























































































































































k+3− (k+3)η = k+1+(k+2s−1)η ≥ k+1+(k+1)η
]af{ebP





 _¨c#z|z{cn]eNc _aKh__aKPBh¢0Pjoh00Pr^P#jaPP0h0er¥KNPebP_oKNP5Oh¦^f{O­dNO h¢0Pjh#PQrNP0joPP#Gfg]h_
z{Ph#]m_




k + 1 + (k + 1)η
Nh0]LjoP£!dNf{joPr





























































Mad(G) ≤ 2 + 1n
  60'







s ≤ 2k + 2  G 63 (.&  :	0%3&6










































































%0: 0& 09- 76 .0D(.0%0
d ≥ 3 : =0'  0:ﬀ w1, w2, . . . , wd 0 8 0(32ﬁ
<6 0=%6'6=0/4' ﬁ'2(@6%/
v
:  60' 
∑d



















































































+ εq + d ≥ 1,
]af{ebP
∑d
j=1 wj ≥ (d− 1)n− 1
Nhbc0e!_ajh0r^fgb«_of|c#e§
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d ≥ 3 f{]Uh_nz|P%h0]`_




























(2k + α) $
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g ≥ 4 'ﬀ. α ≥ 4s+2
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s− 1 ' 0(36%






g ≥ 5 '/. α ≥ 3s+1











g ≥ 6 '/. α ≥ 43s+1
  60' 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Vv = {v1, . . . , vs} her




















(p, q) © L ©
bc0z{c0djaf{eNc





















x0 = tq − k(2q − 1) = αq + k + εq.
¤¥PUKh¢#P
x0 ≥ 1 0]`f{ebP k ≥ 1 her α, ε ≥ 0  




x = tq − s(2q − x0)− (k + 1− s)(2q − 1)
= ((s + 1)α− 2)q + k + εq + s(k + εq − 1) + 1.
¤¥PKh¢#P
x ≥ 1 G]af{ebP αs ≥ 2 h0er k ≥ 1  * qqNz|\,f{eNx_aKPQz{POOhªh!hf{e§§]af|ebP v′ fg]h0rl`h0bPe!_
_oc








x′ = tq − s(2q − x0)− (k + 1− s)(2q − 1)− (2q − x)
























(p, q) © L ©
bc0z{c0dNjof|e>c


































































































































¤¥P>Lhe!_ﬂ_oc­]`Kc ec _oKh__aKNP~eNP bKh0ja#PUc§P¢0Pjo\­¢#Pja_aP¦Sfg]h_kz|P%h0]`_






k + 1 + (k + 1 − r)η ]af{ebPf|_­Kh#]h_
z{Ph#]m_
k + 1 − r eNPf|#K,c#dNjo]W_oKh_!h¢0PQf_­bKhjo0P η    v fg]hKNf{Pjaef{h0e§§_oKNPe f|_o]eP bKhjo0P
fg]Wh_~z{Ph#]m_
k + 2 − sη + (k + 2 − s)η1 = k + 1 +
(
1
η − s + k+2−sk+3−s
)






_ac 0f{¢0P¥bKhjo0P)_ac her f_ªjoPbPf|¢#P]
η1




k + 2 − (s − 1)η − η1 = k + 1 +
(
1
η − s + 1− 1k+3−s
)
η = k + 1 + (k + 1 − r)η
]af{ebPªf|_BKh#]












η − s + 2− k+4−sk+3−s
)
η = k+1+(k+1−r)η ]af{ebPf_
Kh0]h_Oc!]m_




k +3− (k+3)η ≥ k +1+(k+1− r)η F
_oKNfg]Kc0zgrN]f"herBc0eNz{\f
k + s− r + 1k+3−s ≥ k + 2− r2 ⇐⇒ s− r2 − 2 + 1k+3−s ≥ 0
her5_aKNfg]
fg]_ajodNPUKNPe











k +1+(k +1− r)η 
h#]LjaP%£!dNf|joPr§
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(i) τ(4) ≤ 6 F τ(5) ≤ 4 + 12 F τ(6) ≤ 4 F τ(8) ≤ 3 + 13 F τ(9) ≤ 3 F
'ﬀ.
(ii) τ(4l + 2) ≤ 2 + 2l
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'1ﬀ






















































































  "PrNP ﬃeNP
τt(k) := sup{cch(G) : G fg]_ac0joc0fgrNh0z§her
Kh0]L#f|ja_aK ≥ k},
_oKNPe f_Q¨c0z{z|cn]¨jac#O ]af{OQf{zghjSbhzgbdNzgh_of|c#e]_oc)_oKNc#]aP5c>JLKPc0joPO #ux_aKh_
τt(3) ≤ 11, τt(4) ≤
6 25 , τt(5) ≤ 4 + 45 , τt(6) ≤ 4 12 , τt(7) ≤ 4, τt(9) ≤ 3 13 , τt(10) ≤ 3
h0er
τt(6l + 1) ≤ 2 + 2l
¨c#jQh0e,\





POSP%rNrNh0Nz|PdNq;c0e S Uf_oKx0f{j`_oKxh_Uz|P%h0]`_ k
Kh0]UOh¦^f{O­dNO h¢0Pjoh00Pr^P#jaPPh_>Oc#]`_












r ≥ 2 Gz|P_d]r^P ﬃeP f(Ad, k) = 2 ∑s−1i=0 (Ad − 1)i f| k = 2s her
























− 4(r − 1)k
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k ≥ 3 ^Pr^P ﬃeNP
τo(k) = sup{cch(G) : G f{]nc0d^_oPjoqNz{h0ehjUh0erBKh0]L0f{ja_aK ≥ k}
¤¥PUf{z|zG]aKNc _oKNP¨c0z{z{cUf|eNQ_oKNPc#jaPO C
%
 ²,¶  ² 	   
τo(k) = 2 +
2
k−2
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k ≥ 3 :  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t = 2 + 2k−2 − 1n
F3bKNc,c#]aP

























































(p, q) © L ©
bc#z|c#dNjaP%rZ^P_





It = [ct−1 + 4nt− 2(n + t)(k − 2) + 1, ct−1 + 2(k − 2)n− 1] ¨c0j i ∈ {1, . . . , k − 2}.
#GP_
L(xi) = Ii ∪ Ji ¨c0j i ∈ {1, . . . , k − 3},
L(x0) = [a]q ∪ J0, her
L(xk−2) = [aq ] ∪ Ik−2 ∪ J ′0,
UKPjoP












x0, . . . , xk−2
Rz{Ph0jaz{\0
c(x0) ∈ J0 h0er_oK,d],\hqqNz|\,f{eN<#GPOOh­# c(xi) ∈ Ji ¨c0jP¢#Pjo\ i ∈ {0, . . . , xk−3} JLKPjoP¨c0joP0
c(xk−2) ∈ J ′0
 
 c0_afgbP~_aKh_ |J ′0| < |J0|
;
]af|ebP
k ≥ 3 >  %nPebP0,,\Br^P ﬃeNf{eNheh0z|c#0c0d]`z{\­_oKNPz|fg]`_o]
¨c#j
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2 + 2k−2 + ε
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3 4 5 6 7 8 9 10 k ≥ 11
τt(k)
dNqNq;Pj




2 4 4 3 +
1





8 6 4 + 12 4 4 3 +
1











































f{]hbc0z{c0djaf{eNW_aKh_]oh_afg] ﬃP] |c(v)− c(u)| 6∈ T
UKPeNP¢0Pj




Uf|_aK |L(v)| ≥ k ¨c#jBhz{z v ∈ V (G) h#r^Of_]5h T © qNjac#qPjbc0z{c0djaf{eN c
Uf|_aK
c(v) ∈ L(v) ¨c0jhz{z v  * e f|Oq;c0ja_oh0e#_]aqP%bfghznbh#]`PB_aKh_Kh0]QjoPbPf|¢#Pr h°z{c_cW]`q;Pbf{h0z
h_`_oPe!_af{c0e¬fg]S_aKNPxbh#]`P
UKNPe















Tr © ch(C2n) =
⌊
4n−2










Tr © ch(G) ≤ 2(r + 1) ¨c0jnh0z|zG0jhqNK]Uf|_aK ch(G) ≤ 2 
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